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ABSTRACT 

We show that the holographic entropy bound for gravitational systems and the 
Bekenstein entropy bound for nongravitational systems are holographically related. 
Using the AdS/CFT correspondence, we find that the Bekenstein bound on the 
boundary is obtained from the holographic bound in the bulk by minimizing the 
boundary energy with respect the AdS radius or the cosmological constant. This 
relation may also ameliorate some problems associated with the Bekenstein bound. 
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1. Introduction 



It is well-known that the maximum entropy in a region of space is bounded 
by the entropy of the largest black hole that fits into that region, i.e. the holo- 
graphic entropy bound. The Bekenstein-Hawking formula [1,2] shows that black 
hole entropy is given by the horizon surface area in Planck units. 

S<S BH = ^r (1) 

As a result, in a strongly gravitational system tha maximum entropy in a given 
region is determined by the surface area of that region. This relation is also the 
original inspiration for the holographic principle which requires that gravitational 
systems in a d-dimensional space be described by field theories on the ((d-1)- 
dimensional) boundary[3]. The most striking example of holography is the cele- 
brated AdS/CFT correspondence^]. 

On the other hand, there is another entropy bound that applies to nongravi- 
tational systems, i.e. the Bekenstein entropy bound[5] given by 

S < S Bek = 2ttER (2) 

where E and R are the energy and size of the system respectively. 

At first sight these two bounds seem completely unrelated since (1) applies to 
strongly gravitational systems whereas (2) applies to nongravitational ones. (WE 
may naively say that the black hole entropy saturates Ssek as we U as Sbh but this 
would be wrong since we should not use Ssek for black holes which are strongly 
gravitating systems.) However, since one of the bounds is gravitational and the 
other is not they may naturally be related by holography. This proposal can be 
tested in the context of the AdS/CFT correspondence. The simplest possibility 
is that Sbh in the bulk corresponds to Ssek on the boundary which clearly does 
not work since the two bounds are not saturated simultaneously. For a large AdS 
black hole with R > L, it is well-known that Sbh = Sbound < Ss e k showing that 
this proposal does not work. 



1 



In this paper, we show that there is indeed a holographic relation between (1) 
and (2) which is slightly more complicated than the naive one stated above. In 
order to appreciate this relation note that Sbh is a bound for a given radius R 
whereas Ss e k is a bound for fixed R and E. It is this extra dependence of Ssek 
on the energy that is crucial for our purposes. In addition, in the AdS/CFT corre- 
spondence, the entropy of an AdS black hole with a given radius R is independent 
of the AdS radius, L (or the cosmological constant), whereas varying L changes the 
black hole mass and thus the energy of the boundary theory. Therefore, when we 
vary L, Sbh remains the same but Ssek changes due to the change in boundary 
energy. We show that Ss e k (for fixed R and varying L) is minimized for L = R, i.e. 
when the black hole radius matches the AdS radius. Then, the Bekenstein bound 
is saturated. 

Alternatively, we can view the Bekenstein bound not as an upper bound on 
entropy but as a lower bound on the energy of a system for a given size and entropy. 
Increasing L (keeping R and S fixed) decreases the boundary energy. Since the 
bound (2) can be seen as a minimum for the boundary energy what we need to 
do is to minimize the boundary energy E with respect to L for a fixed R and 
S. We find that the boundary energy is minimized for L = R and for this value 
Sbh = Ssek- Therefore, for a black hole in the bulk with entropy Sbh, Ssek 
is the boundary entropy that corresponds to the minimized (with respect to AdS 
radius or the cosmological constant) boundary energy. Due to the holographic 
relation L d - 2 = G d N 2 minimizing the energy with respect to L is equivalent to 
minimizing it with respect to N or the central charge in the boundary theory. This 
holographic relation between the holographic and the Bekenstein entropy bounds 
can be considered a new derivation of the latter by using the former and holography 
in the context of AdS/CFT correspondence. 

The Bekenstein bound is known to have a number of problems associated with 
it. First, there are no exactly pure field theories decoupled from gravity in nature so 
the bound can only be seen as an approximate one for weakly gravitating systems. 
Second, ER is not a Lorentz invariant so it is not clear how we should view this 
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quantity in a coordinate invariant way. Third, for very low temperature systems 
one needs to include the boundary effects which are ad hoc and system dependent 
in order not to violate the bound. Finally, there is the species problem which is 
due to the fact that the bound (2) is violated if the number of species of particles 
(or fields) is greater than an E and R dependent bound. It seems that, if by using 
holography, we associate the Bekenstein bound with the entropy of an AdS black 
hole we may ameliorate these problems. 

This paper is organized as follows. In Section 2 we show, in the context of the 
AdS/CFT correspondence, the relation between Sbh m the bulk and Ssek ° n the 
boundary. In Section 3 we show how this holographic relation between the two 
entropy bounds may solve the problems associated with the Bekenstein bound. 
Section 4 is a discussion of our results. 

2. The Relation Between Bekenstein and Holographic Entropy Bounds 

The holographic entropy bound[l,2] gives the maximum entropy in a given 
volume of space (or R) for a gravitational system. On the other hand, the Beken- 
stein entropy bound gives the maximum entropy for a given volume and energy 
in a pure field (or weakly gravitating) theory. Since the former bound holds for 
a strongly gravitational system whereas the latter for a nongravitational one, we 
may hope to relate them by holography[3] which requires gravitational physics in d 
dimensions to be described by a field theory on the (d — l)-dimensional boundary. 
In this section we derive the relation between the Bekenstein and the Bekenstein- 
Hawking entropy bounds using the AdS/CFT correspondence^]. We mainly follow 
the description of ref. [6]. 

Consider a system that saturates the Bekenstein-Hawking bound in the bulk, 
i.e. an AdS black hole. A large black hole (with R > L) in AdS d is described by 
the metric 

2 ( r 2 2G d M \ 2 / r 2 2G d M y\ 2 < 2j2n 
ds = - [1 + - -^3- jdt + ^1 + — - j dr +r d n d _ 2 (3) 
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where L 2 = A, Gd is Newton's constant and M is the mass parameter of the 
black hole. The black hole horizon is located at r = R which solves 

R 2 2G d M 

Then the black hole mass parameter M is given by 

pd— 3 t>d— 1 

-ft /^\ 

The energy of the black hole (as an excitation in AdS space) is related to the mass 
parameter by [7] 

E A dS = (6) 

The boundary theory is a CFT which lives on a sphere S d ~ 2 of radius r » 
L[6}. The boundary metric is invariant under conformal transformations so we can 
rescale the boundary coordinates to fix the radius of the S d ~ 2 to be R, i.e. the 
black hole radius. As a result, the energy of the boundary CFT is redshifted by a 
factor L/R compared to E^ds- The CFT energy is then given by 

CFT 48tt i/*- 1 V R 2 ) K> 

where V = R d ~ 2 is the volume of the boundary and c is the central charge defined 
by c = 3L d ~ 2 /Gd- Ecft = Ee + Eq has two contributions. Ee is the usual 
extensive term which gives the contribution of a (d — 2)-dimensional gas. The 
second term, Eq is subextensive and gives the contribution of the Casimir energy 
of the CFT on S d ~ 2 . The Hawking temperature of the black hole is given by 

^ = ^((rf-l) + (rf-3)^ (8) 

The temperarure of the boundary theory is related to Tjj by Tcft — {L/R)Th 
due to the redshift. The entropy of the boundary theory can be obtained by using 
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Tcft — (dEcFT/dS)v and is 



ScFT = 12 = AG d (9) 

As expected the entropy of the boundary CFT matches the bulk entropy of the 
AdS black hole. Therefore a black hole in AdS space is described by a thermal 
state of the boundary CFT on a sphere (including the Casimir effect). 

The holographic entropy bound for the bulk which is saturated by the AdS 
black hole is the maximum entropy for a gravitational system. The Bekenstein en- 
tropy bound holds for nongravitational systems such as the boundary CFT. Since 
the former bound is for a strongly gravitational system whereas the latter a non- 
gravitational one we may hope to relate them by holography. The simplest possi- 
bility is to assume that both bounds are saturated simultaneously. However, it is 
easy to see that this idea does not work. The holographic bound is saturated for 
an AdS black hole as given by eq. (9). Clearly this does not satisfy the Beken- 
stein bound on the boundary. For large AdS black holes with R > L we find that 
the boundary entropy is smaller than Ssek by a factor of [R/L+ (L/R)]/2. 

This should not be surprising; in fact the naive idea above could not possibly 
work for the following reason. The bulk entropy for the black hole is independent 
of the cosmological constant or L. If we vary L keeping R fixed, Sbh remains 
constant whereas the bulk energy E^dS changes. As a result, Ecft and therefore 
Ssek changes. (Note that the entropy of the boundary CFT which has to match 
the bulk entropy does not change.) Thus if this idea worked for a given R and L 
then the Bekenstein bound would be violated for other values of L with the same 
R. 

In order to find the correct relation between the entropy bounds we need to 
remember that the Bekenstein bound holds for fixed radius, R, and boundary en- 
ergy, Ecft- In fact, for our purposes it is better to consider the Bekenstein entropy 
bound as a (lower) bound for the energy of a nongravitating system for fixed R 
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and S. 



(10) 



This simply means that the energy of the system (for fixed R and S) is bounded 
from below. Therefore, in order to saturate the Bekenstein bound we need to 
minimize the boundary energy Ecft keeping R and S fixed. Since Ecft is a 
function of the AdS radius, we can do this by varying L i.e. the cosmological 
constant. In terms of the entropy, Ecft can be written as 

EcFT = ScFT ^r (z + w) 

Keeping R and S fixed, we find that Ecft is minimized with respect to L at 
L = R, i.e. when the black hole and AdS radii are equal. When L = R, the 
Bekenstein bound is saturated and we see from eq. (9) that 

Scft = S Be k = ji — t^EcftR (12) 
(d-2) 

This is the so-called normalized Bekenstein entropy which matches the usual 
Bekenstein entropy for d = 3 and is stronger for d > 3, in particular for d — 5. The 
factor of (d — 2) clearly arises from the relation between Ej^dS an d the black hole 
mass parameter M in eq. (6). It is a direct result of the fact that the bulk goeme- 
try is AdS space with the corresponding boundary CFT on S d ~ 2 . We should then 
consider eq. (12) to be the Bekenstein bound rather than eq. (2) for the bound- 
ary CFTs realized through the AdS/CFT correspondence. Thus, we find that the 
Bekenstein bound on the boundary is saturated when the holographic bound is 
saturated in the bulk (the AdS black hole) but only for a particular value of the 
AdS radius or the cosmological constant, i.e. the value that minimizes the bound- 
ary energy (for fixed R). This seems to be the correct holographic relation between 
the holographic and Bekenstein entropy bounds. 
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We minimized the boundary energy with respect to L which is a parameter of 
the bulk description. From the point of view of the boundary CFT, with fixed 
this is equivalent to minimizing with respect to N due to the holographic relation 
N 2 = id-ijQ^ Alternatively, this can be seen as minimizing the boundary energy 
with respect to the central charge due to the relation c = L d ~ 2 /Gd = N 2 . 

An alternative way of obtaining the same result is to notice that in general for 
R > L 

so that Scft < Ssek- The bound is saturated for R = L when Ssek is minimized 
with respect to L. 

Starting with a large black hole (R > L) in AdS we can see what happens. For 
R > L we have Scft < SBek- As we increase L the bulk and boundary entropies 
remain constant but Eqft and therefore Sgek decrease. The minimum boundary 
energy and the Ss e k are obtained for L = R when Scft = Ss e k- 

It is interesting that the AdS radius L = R which saturates the Beken- 
stein bound is the same radius at which the Hawking-Page transition[8] in the 
bulk and the deconfinement transition on the boundary [9] take place. Also at 
L = R, the Casimir energy, Ec (which is smaller than the extensive energy for 
R > L) on the boundary becomes equal to that of the gas Ee- It would be in- 
teresting to find out whether these facts are related to the holographic relation 
between the two entropy bounds.. 

It is well-known that small AdS black holes with R < L have negative specific 
heat, C, and are not stable. As a result, a small black hole in AdS space decays 
to a thermal gas due to the Hawking-Page phase transition [8]. Nevertheless we 
can consider small black holes to be metastable states if they have large masses 
(just as is customary for Schwarzschild black holes in flat space) and take a very 
long time to decay. On the boundary a small black hole corresponds to a state of 
the CFT with a negative specific heat due to the dominance of the Casimir energy 
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(with negative C) over that of the gas (with positive C). We may consider these 
unstable states in the CFT to be metastable if they correspond to small AdS black 
holes with large enough masses. From eq. (9) we see that for small AdS black holes 
we again have Sqft < SBek since above L = R, Eqft an d Ss e k increase with 
increasing L and fixed R and S. Thus Eqft and therefore of Ss e k are minimized 
at L = R from both above and below. 

3. The Bekenstein Entropy Bound and Holography 

In the previous section we saw that the Bekenstein entropy bound on the 
boundary is obtained for an AdS black hole in the bulk (which saturates the 
holographic bound) when the boundary energy is minimized with respect to the 
AdS radius or the cosmological constant. It is in this sense that the two entropy 
bounds (1) and (2) are related by holography. This relation may also constitute 
a new derivation of the Bekenstein bound using the holographic bound and the 
AdS / CFT correspondence. (We remind that the original derivation of the Beken- 
stein bound also used the Bekenstein-Hawking entropy for black holes but of course 
not holography.) 

Let us assume that we do not know about the Bekenstein entropy bound. 
Then, using the Bekenstein-Hawking entropy for an AdS black hole, the AdS/CFT 
correspondence and the fact that the bulk and boundary entropies do not depend 
on the cosmological constant we would discover by the reasoning of the previous 
section that for a given R and S, there is a minimum boundary energy, i.e. eq. (11). 
We would observe that for this minimum energy case Scft = Ssek an d for all other 
cases (with L ^ R) with higher boundary energy Scft < Ss e k with Ssek given 
by eq. (12). In this derivation the bulk and boundary entropies remain constant 
as we vary L but Ssek changes and attains its minimum at L = R. This result 
would be quite general (assuming holography) and therefore we would conclude 
that there is a new entropy bound, i.e. the Bekenstein bound for nongravitating 
sytems such as the boundary CFT. 
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We now argue that the above relation between the two entropy bounds can be 
used to ameliorate some of the problems associated with the Bekenstein entropy 
bound[10]. The idea is to use the (auxilary) gravitational bulk description dual 
to the nongraviational system under study. First, the Bekenstein entropy bound 
is usually used for weakly gravitating systems since in Nature there is no system 
completely decoupled from gravity. However, the boundary CFT which is dual to 
the gravitational bulk theory is a pure field theory which is completely decoupled 
from gravity so the Bekenstein bound should apply to it precisely. Second, the 
product ER that appears in the Bekenstein bound is not a Lorentz invariant and 
therefore not well-defined in a relativistic theory. If we consider the dual bulk de- 
scription through the AdS/CFT correspondence, we see that EcftR — EAdsL- In 
the bulk, the mass of the black hole and the cosmological constant are well-defined 
quantities. Therefore ER on the boundary is well-defied through the holographic 
relation between the boundary and the bulk. 

Third, the Bekenstein bound seems to be violated for very low tempera- 
turesfll]; for example, for an ideal gas in a box of size R this occurs when 
T « 1/R. In this case we may either need to use the microcanonical ensem- 
ble and/or take into account boundary effects arising from the confinement of the 
gas[12] such as the Casimir effect. From eq. (8) we see that the temperature of 
the boundary CFT cannot be smaller than a minimum value ~ d/2iiL due to the 
contribution arising from the Casimir effect on the boundary S( d ~ 2 \ Note that 
in eq. (8) the Casimir contribution to the temperature is automatically taken 
into account. Again, this makes sense only for large mass black holes which are 
metastable with a well-defined temperature. At the temperature T = d/27rL the 
deconfinement phase transition takes place on the boundary so these black holes 
with R < L correspond to supercooled states in the confined phase of the boundary 
theory. At very low temperatures, the boundary theory is confined and has a very 
small entropy (0(iV°)) and should not violate the Bekenstein entropy bound. 

Finally the Bekenstein bound suffers from the species problem, i.e. if the 
number of species, N, greater than a maximum value the Bekenstein bound is 
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violated [13]. In field theory, there is no upper limit for N since the number of 
identical fields is a free parameter. However, the AdS/CFT correpondence imposes 
the holographc relation N 2 G\q = L 8 so N is not a free variable. In fact, for given 
R and S in the bulk G\o is fixed. Then we see that minimizing Ecft with respect 
to L is equivalent to minimizing it with respect to N (or the central charge of the 
boundary theory). As we found above, this gives L = R which also fixes the number 
of species to be iV 2 = R 8 /G\q. Therefore, N cannot be increased arbitrarily and 
the species problem is solved. 

4. Conclusions and Discussion 

In this paper we showed that there is a holographic relation between the holo- 
graphic and Bekenstein entropy bounds. This is quite natural since the former is 
a bound on strongly gravitational systems whereas the latter holds for nongrav- 
itational ones and holography relates gravitational systems in the bulk to field 
theories on the boundary. We derived the relation, in the context of the AdS/CFT 
correspondence, by considering a large black hole in the bulk and the correspond- 
ing thermal CFT on the boundary. Our derivation of this relation crucially de- 
pended on two observations. First, the bulk entropy of a large AdS black hole (and 
therefore the entropy of the boundary CFT) does not depend on the cosmological 
constant. Second, the Bekenstein entropy bound can also be viewed as a (lower) 
bound on the energy of a system for a given size and entropy. Using the AdS / CFT 
correspondence, we showed that the Bekenstein entropy bound on the boundary is 
obtained by minimizing the boundary energy with respect to the AdS radis or the 
bulk cosmological constant. We found that Ecft is minimized at L — R at which 
the Bekenstein bound in eq. (12) is saturated. The Bekenstein bound we derived 
is given by eq. (12) rather than the more common one in eq. (2) due to the factor 
(d — 2) which arises from the definition of the AdS bulk energy for a given black 
hole mass parameter M. Our result can be considered an alternative derivation 
of the Bekenstein entropy bound using the holographic entropy bound in the bulk 
and the AdS/CFT correspondence. In additon, we showed that the holographic 
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relation between the two bounds ameliorates some of the problems associated with 
the Bekenstein bound such as the noninvariance of ER, violations due to very low 
temperatures and a large number of species. 

It would be interesting to look for a similar relation between the two entropy 
bounds in de Sitter space. We can hope to do this by using the holographic dS / CFT 
correspondence [14]. A direct application of our method using the dS/CFT corre- 
spondence does not work [15]. This is not surprising since the dS/CFT correspon- 
dence has some fundamental problems and is quite different from the AdS/CFT 
correspondence even though superficially they look similar. Nevertheless, since we 
live in a universe with a positive cosmological constant, the de Sitter case is more 
relevant for Nature and deserves further study. Similarly, we can try to find a 
holographic relation between the two entropy bounds in flat space, for example by 
using M(atrix) theory [16]. Unfortunately, M(atrix) black holes are described by 
CFT thermal states which do not saturate the Bekenstein entropy bound. More- 
over, unlike the AdS case, in flat space we cannot vary the cosmological constant 
(which vanishes) so our method cannot possibly work. However, a derivaton of the 
Bekenstein bound in flat space [17] which uses the generalized covariant entropy 
bound[18]. Unfortunately, it is hard to see a relation between our method and 
that used in [17]. 

We were able to derive the Bekenstein bound by using the holographic bound 
in the bulk. It would be nice if we could do the opposite and derive the Bekenstein- 
Hawking entropy in the bulk from holography and the Bekenstein on the boundary. 
This does not seem possible because we obtained the Bekenstein bound by minimiz- 
ing the boundary energy. Knowing the minimum value of the boundary energy does 
not help us to derive the energy function for any L. In other words, each black hole 
in the bulk with a given R (and S) that saturates the Bekenstein-Hawking bound 
corresponds to a different thermal state of the boundary CFT with Sqft < Ss e k 
but there is only one black hole (with R = L) that saturates the Bekenstein bound 
on the boundary. In order to derive the Bekenstein-Hawking bound in the bulk 
from the Bekenstein bound we need to consider bulk states that do not saturate 
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the Bekenstein-Hawking bound rather than black holes but on the boundary CFT 
and these do not correspond to thermal states. 
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